ARKADY M. ALT

ABsTRACT. This paper aim is consideration of elementary (calculus-free) way
which only the double-angle formulas and the inequalities sinz < x < tanz give
opportunity to obtain well known polynomial minorants and majorants for
sinz, cosx and tan x.

1. Introduction

We offer an elementary (calculus-free) proof of the inequalities

2 gnpcz_ 8 (1)
r—— <sin -t
)
1—%<cosac<1—§—|—;—47 (2)
e
x+§<tanz, (3)

when z € (0, %) . All we need are the double-angle formulas

sin 2z = 2sinz cos x,
cos 2z = 1 — 2sin? T,
2tanx
2 9’
all presented in standard courses of trigonometry, and the double inequality
sinz < & < tanx for x € (0,7,72), which has a visual geometric proof.
The left side of (2) can be improved to become

1—%<1——+———<cosa: (4)
and we prove this as well. In each case the polynomials consist of the initial
terms of Maclaurin series for the sine, cosine, and tangent functions.
When we say "calculus-free proof" we mean that proof should be free not only
from derivative and series but also free from limits, using instead "passing to limit",
the simple and transparent reasoning in form of following

Proposition 1. Let P be set of positive real numbers such that for any
positive real € there isp € P that p < ¢ and let inequality f (x) < p holds for
any x € Dom (f) and any p € P.Then for any x € Dom (f) holds inequality
f(z) <0.

Proof. Indeed, supposition of existence 2o € Dom (f) such that f (z¢) > 0 immediately
leads to contradiction because then f (zg) < p for any p € P and at the same time
for e = f (x¢) there is p € P that p < f (o) - O

e Proof of x — 23,6 < sinz,z € (0,7,2)
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For z € (0,7,2) the inequality = < tanz yields x cosz < sinz, so for any x €
(0,7,72) we have
rcosx < sinz < x (5)

Using (5) we can find a third-degree polynomial that is a lower bound for
sin z. Indeed, since cosz = 1 — 2sin? (z,/2) and sin (z,/2) < 2,2

2 2
we have cosz > 1—2 (g) =1- % ( which is the left side of (2)) and,

therefore,

. x2 z3

smx>a:cosx>x(1 2>—3: R

Suppose now that for some positive a the inequality sinz > = — ax® holds for
every x € (0,7,2).( We have just shown that this holds when a = 1/2).

Then, since cosz > 1 — 2?2, we obtain

T T T T\ 3 1 /x\2
Iz =2singcosy > 2| 5 - (*) 1_*(*) -
s x SIHQCOS 9 > <2 a D) ) ( 5\ 3
_ E_A'_l 3_|_i 5> p— E_A'_l 3
. 4 8 . 32ax v 4 8 .

whenever x € (0,7) and, therefore, for any z € (0,7,2) holds inequality

sinx > x— 9—1-1 3 «—= g—sinz < 9_,_1 x3
4 8 4 8

So, we can see that if for some a > 0 inequality x — sinx < ax® holds for any

1
x € (0,7,2) then inequality x — sinz < (Z + 8> 23 holds for any z € (0,7,/2) as

well.
(Furthermore, even non-strict inequality » — sinz < ax®,z € (0,7,2) by pro-

L . . a 1 3
cedure represented above generate strict inequality x — sinz < 1 + 3 z° for
x € (0,m)).

1
Thus, for any term a,, of the sequence defined by a,,4+1 = a—n—&—f, a1 = 1/2 inequality

4 8
r (z) < apz® holds for any = € (0,7,/2).
1
Sincef:c—z <= ¢ = — then for any n € N we have
a, 1 11 1 - 1
an+1:Z+§<:>a,n+1—6:1 an—é <— 4 CLn_A,_l—g =

1 1 1 1 4

That is 4" (a, — = | =4' (a1 — =) =4 = — = | = = and, therefore, a, =
2 6 3

1 1

4+ ——n€cN.
6 31" , \ ,
1 1
Thus, x —sinx — % < 32"*1 < 67-74”’”’ € N.gSince §Tn < 3 for any n €
N (can be proved by Math Induction) then z—sin x— L < L, n € N and applying

6 18n
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3 3
Proposition to f (z) = x —sinz — % and P = {17; | n e N} we obtain inequality
n
3 3

a:fsinxf:%go <= xfsinxg%foranyxE(O,w/Q).

Si inz < 2 yield ne < (L1 1) s “” e finally get
mce r — Ssinx — 1elds r — SsInx - = — r~ = Tr — —Wwe l1na (§]
=% Y 6 14°"38 6 Ve

3
T T
strict inequality x —sinz < 3 = T — 3 < sinz for any = € (0,7,72).

2 4

e Proof of cosz < 1—%—&-%,376 (0,7,2).
_ . x3 oz 9 x 9
Smcesmx>x—€>0(m—€—ﬂ(24—4x ) >ﬂ(24—7r ) > 0), we have

1 3\ 2 1 1 1,
coslefQSiHQ(E)glfQ gff(z) =1— 224+ —a*— — 4 <
2 2 61\2 2 24 1152

1 1
1— =22+ —at.
2" T "
x> 2
e Proof of sinz < z — 37 + R € (0,7,2)
- 1 1
Let x € (0,7,/2) .Since sinz < x and cosz < 1 — §z2 + 2—4x4 then
) . x x (/27 (z,2) x> 2
=2sin-cos= <2 = [1— —r— = .
s sm2(:os2< 2( 5 + o T 8+384
So, we have
x> o
sinx<m—§+@, 336(0771'/2). (6)
- 1 1 ”»
Suppose now that for some positive a < 31 = 5 and positive
1 1 i
< 5= 120 inequality sinz < x — ax® + bx® holds for every x € (0,7,2).
Then’

. .z T €T T\ 3 T\5 1 /x2\2 1 /x\4 B
51”251“2‘30*’2“(2“(2) *b(2>)<12(2) 5 (3) )
a 1Y\ 4 a b 1 5 z\7 (1 z2
— — — —_— i R — | = N 1— —
v <4+8>x+(32+16+384)x (3) <12“+b( B))<
P i+£+i z°
48 32 ' 16 ' 384

1
because for for any x € (0,7,72) holds inequalityﬁa +b (1 — 3178) >0.

Thus, the non-strict inequality sinz < x — az® + bx® (which we know to be
true when a = 1/8 and b = 1/384) yields the strict inequality

. a 1Y\ 4 a b 1 5
- =-+= — 4+ — 4+ — 7
s (4+8)x+<32+16+384)x (7)
1 1 3
Ifwewritea:ffp,b:—fqanddenotesinxferz——z—
6 120 6 120

via 7 (z) then

: 3 5 : 1 3 1 5

sine <z —ax”+bxr’ < sinz <z — é—p x° + m—q T’ =
3

Sinzf:ch%—ﬁogpx‘gfq:cS < r(z) < pz® — q2°, where p,q > 0



ARKADY M. ALT

and since
a

_l.p e b1
6 4’32 16 384

1 /1 +11 L1 _1 p g
3206 7)) "16\120 4) 384 120 32 16

1 1
we obtain (7) <= sinx<x—<—p>x3+<——)x5 =

6 4
P 3_ (£ i) 5
r(z) < i w5 t16)%
So, we have Shown that the inequality r (z) < paz® — ¢z and even

r (z) < pr® — qz° implies the inequality

<4 (G

1 1
Due to inequality (6) with a = 3 and b = 384 the initial value
1 1 1 1 1 11
of pis 6 8- and the initial value of ¢ is 120~ 384 — 1990°

Let sequences (py),,~; and

(g )n>1 be as follows
Dn Pn 1 11
= =— - N .
Pn+1 4 sy n+1 = 32 + ].6 , S ,P1 = 247(]1 1920
Thus, we can see that for any = € (0,7,72) holds inequality
r(z) < ppa® — gna® < ppa® (because ¢,x° > 0 for any n € N)
1 1

Noting that p, = 21 1= 3 gz € N we obtain inequality
3

T
T(.’L') <pn.'L'3: W,TLEN

. 1 . S .
Since 3 92n il can be arbitrary small with increasing n
z3 (7/2)°
th
en 3,22n+1 < 6 -4n
as well then, applying Proposition to f (z) = r (x) we obtain
inequality r (z) < 0,z € (0,7,2) which equivalent to inequality

can be arbitrary small with increasing n

sine < x — 63:3 + ﬁx ,x € (0,7,2) and, since

. < _ = 3 - .
sine <z 6:E +120x yields

. NS A WU S NN SN S I
in == —_— =
SISt 6173 6 32 120 16 @ 384)°

1 1
we finally get strict inequality sinx < z — 6.’1}3 + FO

5.

22 x2S
e Proof of 1—?+ﬂ—%<cosx ,x € (0,m,/2).

As a consequence of the above 1nequahtles for sinx we have

cosz = 1 — 2sin® (;)21_2(2 (7) 5! ) )
1_2(f_£)+4153';§_3115'(x) ( L )>
CL
2

-5
x? N zt b N 2 (:c)8 1 z 2 )
2 24 720 3151\ 2 4. 2

8

5 (5
(3)

x?
24

N
[N}
jan}



1 2
because QE (g) <2 forx e (0,7,2).
e Proof of z+2%,/3 <tanz,z € (0,7,2)

Let z € (0,7,72) .Since tanx > 2 we obtain

x x
2tan (7) 2. — 22 23
tanx = 230 > 2 2>x<1+>:x+.
1 — tan? (7) 1— (f) 4 4

2 2
As above, suppose that for some @ > 0 inequality tanz > x + az® holds for any

x € (0,7,2) . Then

3
x 9 T azw
2tan(§) 2+ 8 az? v ar®\’
tanx = 7 > 3 s> |+ — 1+ -+ — >
1 — tan? (7) 1 E_Fa:r 4 2 8
2 2 8

x+a—$3 1+$—2 >+ g+1 x3
4 4 4 4 ’

Thus, the non strict inequality tanx > = + az® (which we know to be true when

1
a = 1/4) yields the strict inequality tanz > z + (a + ) 3.

4 4
. 1 a 1 1 p : .
If we write a = 3 — p,then 1 + 1-3 1 So we have shown that the inequality
3
7 (z) < pz® implies the inequality 7 (z) < %, where r (z) = x + % — tanz.

3
We know that the inequality holds for p = 1,12 because tanx > x + % =

3

r(z) < iDL
So, inequality r (z) < pz3 holds for p = i L ;
, inequality p P= R T00 o
trary small positive p. Therefore, applying Proposition to the function f(z) =
r (z) we obtain

in fact for arbi-

3
1
r(z) <0 < x+% < tanz for z € (0,7,2) and since tanz > = + §x3 yields
11 1\ 4 1, L .
tanx > = + 31 + 1 z° = x+ gx we finally get strict inequality tanax >
1
+ —a?.
z+37
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